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Time limit: 2 1/2 hours Maximum marks: 100*
*The six questions below carry a total of 110 marks. Answer as many ques-
tions as you can.

1.

a) Let T be a measurable map on a probability space (2, F, P) such that
PoT ! << P. Suppose foT € L! for every f in L'. Show that f — foT is
a bounded linear map on L'.

n

b) In addition to the hypothesis of a) assume that {X Z f oT*} con-
k=0

verges in the norm of L'. Prove that there exists a finite constant C' such

that 2 P(T~*(E)) < CP(E) for all E € F. [15+15]
k=0

2. Let T be an ergodic measure preserving transformation on a probability
space (Q,F,P) and A,B € F with P(A) > 0 and P(B) > 0. Show that
P(ANT™B) > 0 for some integer n. [15]

3. Let © =10,1), F the Borel sigma field and P the Lebesgue measure. Let
Tz =2z mod(1) and A= {[0,3),[5,1)}. Compute h(A,T). [20]

4. Recall the construction of Kakutani Tower in Rokhlin’s Lemma: € > 0
and N € N are given and we choose B with 0 < P(B) < &; B; = {w € B :
Tw ¢ B,T?w ¢ B,..,T""'w ¢ B,T%w € B} and the sets in the tower are
Ti(B;j): 0<i<j—1,7=1,2,.. Let E be the union of all the sets in this
tower. Prove that P(E) = 1. [15]

5.

a) Let T be a topologically transitive homeomorphism of S!. Show that all
continuous invariant functions are constants.

b) Let T be a minimal homeomorphism of S'. Show that T"z = z( where
zeS'andneZ)=n=0. [5+5]

6. Let T : S' — S! be defined by Tz = az where a is a fixed point of S!.
Show that T is ergodic if and only if a is not a root of unity. [20]



